Abstract-We propose a two-stage robust optimization model for the distribution network reconfiguration problem with load uncertainty. The first-stage decision is to configure the radial distribution network and the second-stage decision is to find the optimal a/c power flow of the reconfigured network for given demand realization. We solve the two-stage robust model by using a column-and-constraint generation algorithm, where the master problem and subproblem are formulated as mixedinteger second-order cone programs. Computational results for 16, 33, 70, and 94-bus test cases are reported. We find that the configuration from the robust model does not compromise much the power loss under the nominal load scenario compared to the configuration from the deterministic model, yet it provides the reliability of the distribution system for all scenarios in the uncertainty set.
NOMENCLATURE

Sets and Parameters
N
Set of buses. N s
Set of substations; a subset of N.
N(i)
Set of buses connected to bus i. L Set of lines.
A l
Indicator parameter for the initial network configuration; equals 1, if line l was initially connected, and 0, if line l was initially disconnected. Real power injection at bus i, forcibly set to 0, if bus i is not a substation bus. q i Reactive power injection at bus i, forcibly set to 0, if bus i is not a substation bus. 
I. INTRODUCTION
T HE DISTRIBUTION network reconfiguration problem is to configure the distribution network topology in order to improve the efficiency and stability of the network by changing the status of lines. The distribution network is composed of buses, where the power is injected (substation buses) or consumed; and lines or switches, which connect the buses. The distribution network has a meshed structure but is normally operated as radial (i.e., with no loop) so as to make the protection coordination easier (upstream to downstream) and to make the distribution design easier.
We consider the distribution network reconfiguration problem, for which we decide the radial configuration on the given meshed distribution network to minimize the switching cost and power losses while satisfying operational and physical constraints of the distribution system. In the perspective of 1949-3053 c 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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mathematical programming, such a problem is a mixed-binary nonlinear optimization problem, as the optimal power flow problem is essentially nonconvex. Most of the studies on distribution network reconfiguration focus on finding good feasible solutions using heuristics [1] - [9] , as the problem remains difficult due to its discreteness and nonlinearity. Besides heuristic algorithms to generate feasible solutions, many global-optimization strategies (simulation annealing, genetic algorithms, particle swarms, etc.) are also employed for the distribution network reconfiguration problem [10] - [23] . Recently, several authors have applied a mathematical programming approach to the distribution network reconfiguration problem [19] , [24] - [27] . Especially, Jabr et al. [27] formulated the problem as a mixedinteger second-order cone program (MISOCP), for which the global optimal solution up to the desired accuracy can be found by using available commercial solvers. The convexity of the optimal power flow of the radial network is important because it is guaranteed to find the global optimal solution, and also we can further develop models that are more advanced.
In this paper, we consider the distribution network reconfiguration problem with uncertain demands, where the uncertainty of the demand arises from the daily fluctuations of the loads. We propose a two-stage robust optimization model for the distribution network reconfiguration problem with uncertain loads. In our two-stage robust optimization model, the network reconfiguration is the first-stage decision; and the optimal power flow becomes the second-stage decision which is made after the realization of the uncertain demand. The uncertainty set of the loads can be constructed as a set of possible load scenarios for a given planning horizon. We use the column-and-constraint generation algorithm [28] to solve the proposed two-stage robust problem. The solution of the robust distribution network reconfiguration problem, if exists, can be used for the planning horizon instead of changing the configuration frequently for the time-varying loads.
This chapter is organized as follows. In Section II, we formulate the deterministic and robust distribution network reconfiguration models. Section III describes the algorithm to solve the robust distribution network reconfiguration models. Section IV shows our computational results for a few test distribution networks. Section V concludes with a discussion.
II. ROBUST DISTRIBUTION NETWORK RECONFIGURATION MODEL
In this section, we describe deterministic and robust distribution network reconfiguration models. First, we review a deterministic distribution network reconfiguration model with point forecast loads.
A. Deterministic Distribution Network Reconfiguration Model
Suppose we have a distribution network with |N| buses and |L| lines. The distribution network reconfiguration problem is to find a radial network configuration that minimizes the switching cost and power losses. Jabr et al. [27] showed that the a/c optimal power flow can be recovered from its convex relaxation when there is no loop in the distribution network configuration and formulates the distribution network reconfiguration problem as the following MISOCP:
There are two types of decision variables: 1) α, β that are related to the network configuration and 2) p, q, r, t, u that are related to the optimal power flow of the distribution system. Let us describe the constraints in the above optimization problem: (1b)-(1d) ensure the configured network is radial, and (1e) sets the maximum number of switches to change their status from the initial network configuration A. Note that index ij or ji refers to the line l of which the two terminal buses are buses i and j. Equations (1g) and (1h) stands for the power balance of each bus. Equations (1i) and (1j) enforces the capacity limits of the substations. Equations (1k)-(1n) and (1t) come from the power flow equations and their convex relaxation. Equations (1o)-(1r) links the network configuration variable α l to the auxiliary variables u l i , u l j so that p ij , p ji , q ij , q ji can be set to 0 when α l is 0. Equation (1s) sets the current flow limit on each line, and (1x) sets the voltage limit at each bus.
For a clear presentation in the subsequent discussion, we recast the above distribution network reconfiguration problem in the following compact form:
The vector x denotes the variables α, β regarding the distribution network configuration. The vector y represents the rest of the continuous variables related to optimal power flow of the distribution network. The vector d 0 is the forecast loads. The term c x represents the switching cost and b y − e d 0 represents the cost associated with the power losses. X is the feasible set of radial distribution network configurations described by (1b)-(1f). Equation (2d) summarizes the power balance equations (1g) and (1h), (2e) represents second-ordercone constraints (1t), and (2c) denotes all the other optimal power flow constraints that are linear.
B. Two-Stage Robust Distribution Network Reconfiguration Model
We assume that the network configuration decision is made prior to the realization of loads. For each realization of uncertain loads, we can compute the power losses for the given radial network configuration by solving the optimal power flow problem. We make the first-stage network configuration which minimizes the worst-case second-stage power loss. This can be formulated as the following two-stage robust model:
where
and
Here, D is the uncertainty set of the loads. We assume that the uncertainty set of the loads is a polyhedron. The polyhedral assumption guarantees the finite convergence of the column-and-constraint generation algorithm that solves the proposed model [28] , since the polyhedron has a finite number of extreme points. We further assume that we can characterize all the extreme points of the polyhedral uncertainty set using binary variables and linear constraints as in [29] . This assumption allows us to convert the bilinear subproblem into a mixed-integer linear program as shown in the next section.
The innermost problem solves the optimal power flow of a given radial network configuration x with a given load scenario d, which replaces the forecast load d 0 to obtain the cost of power losses L (x, d) . In the midlevel, the load scenario that maximizes the minimum cost of power losses L (x, d) for the given network configuration is obtained. In the outermost level, the robust program finds a network configuration that minimizes the sum of switching cost and worst-case cost of power losses.
If a distribution network configuration x ∈ X satisfies (3c) (that is, given such a configuration, if the distribution network is feasible for any possible demand scenario d ∈ D), then we say the network configuration x is robustly feasible. If no robustly feasible configuration x exists (in other words, there is no configuration under which the distribution network is feasible for all possible demand scenario d ∈ D), then the robust program is infeasible. It is possible for the robust program to be infeasible, if the uncertainty set is too large and so there cannot be a configuration that is feasible for all possible scenarios in the uncertainty set. For such case, one can make the uncertainty set smaller, for example, by considering a shorter planning horizon. When there is no solution for the robust distribution network model, the distribution system should change the configuration more frequently to adapt to the rapidly changing load.
III. SOLUTION METHODS FOR TWO-STAGE ROBUST DISTRIBUTION NETWORK RECONFIGURATION MODEL
In order to solve the two-stage robust distribution network reconfiguration model, we use the column-and-constraint generation algorithm that is introduced in [28] . The distinctive feature of the proposed two-stage robust distribution network reconfiguration model is that the innermost problem is a second-order cone program. However, the column-and-constraint generation algorithm presented in [28] can be naturally extended for the robust distribution network reconfiguration model. We outline the application of the algorithm as follows. The column-and-constraint generation algorithm attempts to solve the following extensive formulation of (3):
The above problem has an infinite number of variables and constraints corresponding to each demand scenario d.
A. Master Problem
Uncountably many number of constraints (6c) and (6d), indexed by the uncertainty set D, make it impossible to solve (6) directly. The following reduced problem, in which D is replaced by its finite subset, provides a lower bound for (3):
We call (7) the master problem of the robust distribution network reconfiguration model. The master problem is an MISOCP with binary variables in x and |L| · k number of second-order cone constraints in (7d).
B. Subproblem
The next key step in the column-and-constraint generation algorithm is to generate the worst-case scenario for the master problem and to obtain an upper bound for (3). We achieve these goals by solving the following separation problem for the given distribution network configuration x * :
Given the radial network configuration x * , the above separation problem finds the worst-case load scenario d and corresponding optimal power flow y. The optimal objective value of the separation problem L(x * ) can be used to compute an upper bound for (3) because it is the worst-case power losses for a given network configuration x * .
We dualize the inner conic program to convert the subproblem into a monolithic form
The objective function is linear except for the bilinear term d λ, and the constraints are linear and second-order cone constraints. Assuming that the uncertainty set D is polyhedral and that its extreme points can be described by a set of binary variables and linear constraints, we can transform the bilinear term d λ with a bilinear term between the continuous variable λ and binary variables. This will allow us to linearize the bilinear term by introducing big-M constraints. Then, the subproblem is equivalent to an MISOCP. 
C. Feasibility Subproblem
For a given distribution network configuration x * , (9) would not be well-defined if there exists a scenario d such that the innermost optimal power flow problem (4) is infeasible. For such a case, (9) is unbounded. Hence, before solving (9), we must check whether the given configuration x * is robustly feasible. We can check the robust feasibility of the given configuration x * by solving the following feasibility subproblem:
The feasibility subproblem adds nonnegative slack and surplus variable s and t to the power balance equation (10c), and these variables are adjusted according to the infeasibility of the optimal power flow problem. If e (x * ) > 0, there exists a load scenario d * ∈ D where there is no feasible distribution. On the other hand, if e (x * ) = 0, then under the given network configuration x * , there is a feasible distribution for each load scenario in the uncertainty set.
D. Column-and-Constraint Generation Algorithm
Overall procedures to solve the two-stage robust distribution network reconfiguration problem are summarized in Fig. 1 . [30] ; and 4) 94-bus [15] distribution network for our computational experiments (see Fig. 2 for 94-bus system). A basic information of each the distribution network is given in Table I . In our case study, the switching costs are ignored.
All the algorithms are implemented in a mathematical programming language and solved with IBM ILOG CPLEX Optimization Studio 12.5. The test environment is a laptop with a 2.53-GHz Duo CPU and 8 GB of RAM.
A. Characteristics of Robust Distribution Network Reconfiguration
We consider the following budget uncertainty set for the loads:
We assume the real loads can vary between the lower and upper limit P min i and P max i . We further assume that the overall variation is controlled by a user-defined budget parameter B. For simplicity, we assume that the uncertain reactive loads will be proportional to the uncertain real loads where the ratio is presumed to be fixed. However, one can assume an independent uncertainty set for the reactive loads as well. To make the problem more tractable, we aggregate the load buses to make a zone. We assume that the load variation (in percentage) of each bus within the same zone is identical. This approximation reduces the number of binary variables in the subproblem and the solution time. We assume the lower and upper limit parameters of the uncertainty set to be ± 5% of the nominal value. For all cases, we aggregate load buses into nine zones and assume the budget parameter B to be 8.
The solution of the robust distribution network reconfiguration problem is compared with the solution of the deterministic model in Table II . For 16-bus test case, the topology of the network is rather simple, and the configuration decision from the robust model is identical to the one from the deterministic model. But, for the other test cases, we observe that the two configurations are similar in terms of the total power losses under the forecast scenario; namely, nominal power losses in Table II . However, the solution from the deterministic model is not robust, as there exists at least one demand scenario within the uncertainty set under which the delivery of power is not possible without violating the physical and operational constraints of the network. On the other hand, the robust model finds the configuration that is robustly feasible.
In all of our test cases, the algorithm terminates in two iterations.
1) We solve the deterministic reconfiguration problem with the forecast load to generate an initial configuration decision. 2) We then solve the feasibility and optimality subproblems to generate the worst-case scenarios.
3) The algorithm terminates after we solve the master problem again with the added worst-case scenarios.
B. Sensitivity With Respect to the Uncertainty Set
The users can adjust the uncertainty set (11) by changing the value of the demand variation limit P i max , P i min and the budget of the uncertainty parameter B. Table III shows the sensitivity of the minimum worst-case power losses of the robust distribution network reconfiguration problem with respect to the different variation limits of the uncertainty set of the 94-bus test case with B = 8. We can see that the worst-case power losses increases as the size of the uncertainty set gets bigger. When the uncertainty set allows a variation of more than 7% from the forecast demand, the robust program is infeasible and there is no radial configuration that is feasible in all possible scenarios. This implies that with the current design of the distribution network and operational requirements, it is impossible to meet all possible demand scenarios within the prescribed uncertainty set. Table IV shows the worst-case power losses of the robust distribution network reconfiguration with the uncertainty sets with different values of the budget parameter B while the maximum demand fluctuation levels are set at ± 5%, where we observe the similar pattern as in the previous table.
V. CONCLUSION
We propose the use of the two-stage robust optimization for the distribution network reconfiguration problem with the uncertain loads. The robust model is solved by using the column-and-constraint generation algorithm, in which the master problem and subproblem are transformed into an equivalent MISOCP and can be solved by using available commercial software. In our case study, we found that the solution from the deterministic distribution network reconfiguration model is not necessarily robustly feasible. We also found that the robust distribution network model can generate the network configuration solution that is robust with regard to all possible scenarios considered in the uncertainty set and yet does not compromise much in terms of the power losses under the forecast demand scenario.
